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Three-Dimensional Forced Convection Flow
Adjacent to Backward-Facing Step
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University of Missouri–Rolla, Rolla, Missouri 65409

Numerical simulations of three-dimensional laminar forced convection � ow adjacent to a backward-facing step
in a duct are presented for the case where the duct’s aspect ratio is eight (AR = 8), its expansion ratio is two (ER = 2),
and the step height S is 1.00 cm. This relatively small aspect ratio duct was selected to increase the signi� cance
of the three-dimensional � ow on the heat transfer downstream from the step. The � ow upstream of the step is
treated as fully developed and isothermal. The duct walls are treated as adiabatic surfaces with the exception
of the stepped wall that is downstream from the step that is treated as being heated with uniform heat � ux.
Complex three-dimensional � ow develops downstream from the step with a primary recirculation � ow region and
a reattachment length that has a minimum in its spanwise distribution near the sidewall. A spanwise swirling � ow
(vortex) develops inside the primary recirculation � ow region and a reverse � ow region develops near the sidewall.
These three-dimensional features increase in size with increasing Reynolds number. The jetlike � ow that develops
near the sidewall within the separating shear layer impinges on the stepped wall causing a minimum to develop
in the reattachment length and a maximum to develop in the Nusselt number near the sidewall. The distributions
of the three velocity components, reattachment length, friction coef� cient, and Nusselt number are presented and
discussed.

Nomenclature
AR = aspect ratio, W=S
C f = friction coef� cient, 2¿w=½u2

0
CP = speci� c heat
ER = expansion ratio, H=.H ¡ S/
H = duct height downstream from the step
h = duct height upstream from the step
k = thermal conductivity
L = half-width (spanwise) of the duct
Nu = Nusselt number, qw S=k.Tw ¡ T0/
n = vector outer normal to surface
p = pressure
qw = wall heat � ux, ¡k@T=@yjy D 0

Re = Reynolds number, 2½u0h=¹
S = step height
T = temperature
T0 = inlet temperature
u = velocity component in the x direction
u0 = average inlet velocity
v = velocity component in the y direction
W = width of the duct
w = velocity component in the z direction
x = streamwise coordinate axis
xr = reattachment length
y = transverse coordinate axis
z = spanwise coordinate axis
¹ = dynamic viscosity
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½ = density
¿w = wall shear stress, ¹
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Introduction

S EPARATED and reattached � ow occurs in heat exchangingde-
vices, such as electronic and power-generating equipment and

dump combustors. A great deal of mixing of high- and low-energy
� uid occurs in the separating and reattached � ow regions, thus im-
pacting signi� cantly the heat transfer performanceof these devices.
Studies on separated � ow have been conducted extensively during
the pastdecade,and thebackward-facingstepgeometryhas received
most of the attention.1¡3 This geometry is simple, yet the � ow and
the heat transfer through it contains most of the complexities that
are encounteredin other,more complex,separating� ow geometries,
and for that reason, it has been used in benchmark studies.4;5

The majority of publishedwork on separated � ow deals with the
two-dimensionalisothermal � ow behavior, and comparatively little
is published about the three-dimensionalnonisothermal case. Such
knowledgeis criticalforoptimizingtheperformanceof physicalheat
exchangingsystems,becausethey aremostly three-dimensionaland
nonisothermal.Results on three-dimensional� ow behavior started
toappearin theliteraturein theearly1990s,whencomputerworksta-
tions and nonintrusive measuring techniques became more readily
available. The survey by Simpson3 highlights some of the available
three-dimensionalstudies,andmostof themdealwith the isothermal
� ow behavior.Steinthorssonet al.,6 Williams and Baker,7 Ku et al.,8

Jiang et al.,9 Chiang and Sheu,10;11 Goyon et al.,12 and Destefano
et al.13 used various numerical schemes to simulate in three dimen-
sions the isothermal� ow measurementsof Armaly et al.1 These sim-
ulationsbrought to light some of the complicated three-dimensional
� ow features that develop near the sidewalls at higher Reynolds
numbers in this simple and large aspect ratio geometry.1

Results of numerical simulations for three-dimensional laminar
convection heat transfer adjacent to the backward-facing step, in
ducts with large aspect ratio, have also appeared in the literature.
Iwai et al.14 reported results for a duct with an aspect ratio of 16, and
Pepper and Carrington15 reported results for a duct with an aspect
ratio of 12.Becauseof the large aspectratioconsideredin these stud-
ies, the focuswas on thecomparisonswith the two-dimensionalsim-
ulations. They illustrated,however, that even at low Reynolds num-
ber, signi� cant three-dimensionalbehavioroccursnear the sidewalls
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in these large aspect ratio ducts.The numerical study of Iwai et al.16

establishedthat an aspect ratio greater than 16 is needed to maintain
a small two-dimensional region near the centerline of a duct hav-
ing an expansion ratio of two, at a Reynolds number of 2:5 £ 102.
For higher Reynolds number, the � ow becomes three-dimensional
throughoutthat duct.The scarcityof three-dimensionalheat transfer
results in separated and reattached � ow has motivated the present
study.

Governing Equations and Numerical Scheme
Laminar three-dimensional forced convection � ow of air in a

heated duct with a backward-facing step is numerically simulated
using Cartesian coordinates, as shown in Fig. 1. The height of the
duct is 0.01 m and is 0.02 m upstream and downstream of the step,
respectively, and its width is 0.08 m. This geometry provides a
backward-facingstep heightof S D 0:01 m, expansionratio ER D 2,
and an aspect ratio AR D 8. The origin of the coordinate system is
located at the bottom corner of the step where the sidewall, the
backward-facing step, and the downstream stepped wall intersect,
as shown in Fig. 1. Preliminary measurements of laminar � ow in a
similar geometry indicate that the � ow downstreamfrom the step is
symmetric relative to the center width of the duct. Because of such
symmetry, the width of the computationaldomain is chosen as half
of the actual width of the duct, L D 0:04 m. The streamwise length
of the computational domain is chosen as 0.02 and 0.5 m upstream
and downstream of the step respectively, that is, ¡2 · x=S · 50.
This choice was made to ensure that the � ow upstream of the
step at x=S D ¡2 is not effected signi� cantly by the sudden ex-
pansion at the step. Previous measurements in similar geometry1

support the preceding observations. The choice of x=S D 50 was
made to ensure that the � ow can be treated as fully developed at
that plane downstreamfrom the step, and previousmeasurementsin
similar geometry1 support that conclusion.The laminar steady-state
Navier–Stokes equations and the boundary conditions that govern
the � ow and the heat transfer in this geometry can be expressed as
follows.

Continuity equation:
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Fig. 1 Schematics of the computation domain.

Table 1 Results for four grid densities

Parameter Grid 1 Grid 2 Grid 3 Grid 4

x £ y £ z 100£ 20 £ 20 125£ 25 £ 25 150£ 30 £ 30 180£ 35 £ 35
Tmin ; ±C 29.0 28.8 28.8 28.7
Tmax; ±C 36.2 36.8 36.8 36.9
xr.center/, mm 83.4 86.7 86.4 86.5
xr.min/, mm 62.1 62.3 61.2 61.4

Energy equation:
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The physical properties are treated as constants and evaluated
for air at the inlet temperature of T0 D 20±C, that is, ½ D
1.205 kg/m3 , ¹ D 1:81 £ 10¡5 kg/m ¢ s, k D 0.0259 W/m ¢ ±C, and
C p D 1.005 kJ/kg ¢ ±C.

A no-slip boundary condition is applied at the walls. The heated
stepped wall downstream from the step is maintained at uniform
heat � ux, qw D 50W/m2, whereas the other walls are treated as adia-
batic.Fully developed� ow and thermal conditionsare consideredat
the exit section of the calculationdomain, x=S D 50, and symmetry
is applied to the center plane of the duct, z=S D 4. The fully de-
veloped velocities that are speci� ed at the inlet section, x=S D ¡2,
were calculatedfor the speci� ed Reynolds number (isothermal � ow
at T0 D 20±C) in a long straight duct having the same cross section
and boundary conditions as the inlet section to the backward-facing
step geometry. The length of that duct was 200 cm, and the inlet
velocity pro� le was taken as uniform and equal to the average inlet
velocity as calculated from the speci� ed Reynolds number selected
for that case. The exit boundary conditions were speci� ed as fully
developed,that is, @u=@x D @v=@x D @w=@x D 0:0. Results showed
that this length is suf� cient to generate fully developed � ow in the
duct under consideration.The fully developedvelocitypro� les gen-
erated from such a solution, for a speci� ed Reynolds number � ow,
were used as the inlet velocity pro� les at x=S D ¡2 in the solution
for the backward-facingstep geometry.

Numerical solution of the given governingequations and bound-
ary conditions was performed by utilizing the commercial com-
putational � uid dynamics (CFD) code FLUENT 5.0. The mesh is
generated using FLUENT’s preprocessor GAMBIT. Hexahedron
volume elements were used in the simulation. At the end of each
iteration, the residual sum for each of the conserved variables was
computed and stored, thus recording the convergence history. The
convergence criterion required that the scaled residuals be smaller
than 10¡4 for the mass and the momentum equations and smaller
than 10¡6 for the energy equation. Calculationswere performed on
Hewlett Packard Visualine C200 workstations, and the CPU time
for converged solution for Re D 300 is approximately 5 h. Detailed
description of the CFD code and the solution procedure may be
found in the FLUENT manual.

The computational grid was generated to ensure high density at
all of the walls and in the region of the step where high gradients
exist, to ensure the accuracy of the simulations. Grid independence
tests were performed using four grid densities and distributions for
laminar forced � ow at Re D 4 £ 102 , and heat � ux at the stepped
wall equal to 21.19 W/m2. Comparisonsof results for differentgrid
densitiesare presented in Table 1, and they show a differenceof less
than1% betweenresultsof grid3 and grid 4. A gridof 150£ 30 £ 30
downstream of the step and a grid of 20 £ 15 £ 30 upstream of the
step were selected for these simulations.

Results and Discussion
The suddenchange in geometrycauses � ow separationat the step

and � ow reattachment downstream from the step. Reattachment
lengths predicted by the present numerical scheme compare very
favorably with other published predictions7¡9 and with measured
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Fig. 2 Streamlines demonstrating � ow features downstream from the
step.

values1 for isothermal � ow in ducts having a relatively large aspect
ratio, that is, two-dimensionalresults.Results presentedin this study
are limited to Re · 6 £ 102 , where the � ow remains laminar in this
geometry.1

The negativepressuregradient that developsin the � ow due to the
sudden expansion at the step is responsible for developing several
reverse � ow regions along with swirling � ow in the spanwise direc-
tion downstream from the step. The � ow separates at the step and
reattachesat the steppedwall forming the primary recirculation� ow
region. Other � ow features that develop downstream from the step
are shown in Fig. 2. Figure 2 shows how some streamlines(� ow path
of particles having zero mass) that originate from the same general
region very close to the sidewall near the upper corner of the step,
x=S D 0 and y=S D 1, take different paths as they � ow downstream
from the step. Some of these streamlines follow a counterclockwise
swirling path that is increasing in size as it moves in the spanwise
direction toward the center of the duct inside the primary recircu-
lation � ow region. Other streamlines that originate from the same
region � ow with the separating shear layer and impinge/reattach on
the stepped wall. Some of these streamlines � ow downstream after
reattachment and others reverse their direction into the primary re-
circulation � ow region. After reattachment, some streamlines � ow
toward the sidewall and upward toward the upper � at wall to form a
reverse � ow region near the upper corner of the sidewall. Some of
that reverse � ow reverses its direction again while � owing toward
the center of the duct to join the downstream � ow. Other portion
of that reverse � ow follows a clockwise swirling path (decreasing
in size) in the spanwise direction toward the center of the duct.

The developments of the jetlike � ow and the reverse � ow re-
gion near the sidewall can be seen more clearly in Figs. 3 and 4.
Streamlines are shown on a z plane that is close to the sidewall,
z=L D 0:025, on a y plane that is close to the top wall, y=S D 1:9,
and on a y plane that is close to the stepped wall, y=S D 0:1, in
Figs. 3a and 3b. The streamlines in Fig. 3a show the re� ected jet-
like � ow after reattachment as it � ows toward and impinges on the
upper � at wall. Part of that � ow forms the sidewall reverse � ow
region and part continues its � ow in the downstream direction. Part
of the reverse � ow changes its direction again to � ow downstream,
while another part of the reverse � ow join the primary recirculation
� ow region. The y plane streamlines in Fig. 3a show the spanwise
thicknessand streamwise length of the reverse sidewall � ow region,
which increaseas the Reynolds number increases.A jetlike � ow de-
velopswithin the separatingshear layeras it impingeson the stepped
wall, as can be seen in Fig. 3b. The streamlines in Fig. 3b show that
the impingement region of the jetlike � ow is in the same location
as the one where the reattachment length is minimum. The dashed
line that is shown in Fig. 3b is the projection of the reattachment
line on that plane. Streamlines that are plotted on several z planes
close to the sidewall (planes of z=L D 0.025, 0.075, 0.15, and 0.25)
are presented in Fig. 4. The clockwise swirling � ow that develops
near the sidewall moves in the spanwise direction toward the upper
� at wall while decreasing its size as it moves toward the center of

a) Adjacent to side and top walls

b) Adjacent to side and bottom walls, Re = 4 £ £ 102

Fig. 3 Streamlines demonstrating jetlike � ow impingement and re-
verse � ow regions.

Fig. 4 Streamlines demonstrating � ow on several z planes, Re =
4 £ £ 102.

Fig. 5 Spanwise distributions of reattachment length.

the duct as seen in Fig. 4. For the conditions represented in Fig. 4,
the reverse � ow region that develops near the side and upper � at
wall disappears for planes larger than z=L D 0:25.

Distributions of the primary reattachment length, xr =S, on the
stepped wall (as de� ned by the locations where @u=@yjy D 0 D 0/
are presented in Fig. 5 as a function of the spanwise coordinate
z=L . The region bounded between the primary reattachment line
and the step identi� es the streamwise size of the primary recirculat-
ing � ow region. A secondary recirculation � ow region develops at
the lower corner of the step and could be detected for Re D 6 £ 102.
The primary and the secondary recirculating � ow regions exhibit
an increase in their streamwise size and a stronger spanwise varia-
tion with increasingReynolds number. The secondary recirculation
� ow region has its maximum streamwise length at the center of the
duct and has its minimum streamwise length at the sidewall. The
streamwise length of the primary recirculation� ow region (primary
reattachment length) exhibits strong spanwise variations, with its
maximum length occurring at the sidewall, z=L D 0:0, and its min-
imum length occurring at approximately z=L D 0.23. The jetlike
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Fig. 6 Distributions of streamwise velocity component u as a function
of y on different z planes.

� ow that develops within the separating shear layer is responsible
for the minimum that develops in the primary reattachment length.
The location of that minimum is the same as the jet impingement
region on the stepped wall. The spanwise average of the reattach-
ment length as determined from the three-dimensionalsimulations
is smaller than its equivalent from two-dimensional simulations for
Re < 5 £ 102 , but that trend is reversed for higher Reynolds num-
bers, as can be seen from Fig. 5. The primary reattachment length
at the center of the duct, as determined from the three-dimensional
simulations, is equal to the one determined from two-dimensional
simulations for a Reynolds number less than Re D 2 £ 102 .

Because of space limitations, some results are presented for only
one Reynolds number, but the general behavior of these results at
different Reynolds numbers, Re · 6 £ 102, is similar to those pre-
sented for the selectedReynoldsnumber.Transversedistributionsof
the streamwise velocity component u, as a function of y, on differ-
ent z planes are presented in Fig. 6 at three streamwise planes x=S
downstreamfrom the step. The negative velocity values that appear
in theses distributions near the wall, y D 0, for streamwise planes
of x=S D 3 and 5, indicate that these planes are inside the primary
recirculation � ow region. By similar logic, the plane at x=S D 9
is downstream from the primary reattachment line. The results at
x=S D 5 and 9 capture part of the sidewall reverse � ow region that
develops adjacent to the upper region of the sidewall (region close
to y=S D 2), but that reverse � ow region does not extend upstream
to the plane of x=S D 3. In the region above the step, y=S ¸ 1, this
velocity component increases as the distance from the sidewall in-
creases, and it decreases as the streamwise distance from the step
increases. Distributions of the same velocity component as a func-
tion of z on different y planes are presented in Fig. 7 for streamwise
planes of x=S D 5 and 9. The peak that develops in these distribu-
tions near the sidewall for planes below the step, y=S · 1, can be
clearly seen in Fig. 7. Such a distribution implies that a jetlike � ow
is developing adjacent to the sidewall. The reverse � ow region that
develops near the upper wall, y=S D 1:8, and near to the sidewall
can also be seen clearly in Fig. 7.

Distributionsof thecorrespondingtransversevelocitycomponent
v are presented in Fig. 8. These results show the general nature of

Fig. 7 Distributions of streamwise velocity component u as a function
of z on different y planes.

Fig. 8 Distributions of transverse velocity component v as a function
of y on different z planes.

the downward � ow that developsas a result of the sudden expansion
in the geometry. Regions with the positive values for that velocity
component at x=S D 3 and 5 are in the primary recirculating � ow
region, and the one at x=S D 9 is in the sidewall reverse � ow region.
Distributionsof the samevelocitycomponentare presentedin Fig. 9,
and they show the negativepeak that develops in these distributions
near the sidewall, for planes below the step, y=S · 1, resembling
an impinging jetlike � ow. This peak in the distributionmoves away
from the sidewall and toward the center of the duct as the distance
from the step increases.The region with the positive velocities near
the sidewall at x=S D 9 is part of the upward � ow that develops in
the sidewall swirling and reverse � ow regions.
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Fig. 9 Distributions of transverse velocity component v as a function
of z on different y planes.

Fig. 10 Distributions of spanwise velocity component w as a function
of y on different z planes.

Fig. 11 Distributions of spanwise velocity component w as a function
of z on different y planes.

Distributions of the correspondingspanwise velocity component
w are presentedin Fig. 10, and they showstrongspanwise � ow away
from the sidewall and toward the center of the duct below the step,
y=S < 1, and inside the primary recirculating� ow region, x=S D 5.
A peak in that velocity distributionas a function of z develops near
the sidewall, as can be seen in Fig. 11, and that is similar to what has
been observed for the other two velocity components. Note that, in
some � ow regions close to the wall, the three velocity components
are of the same order of magnitude, and thus their effects on the
wall shear stress and the Nusselt number cannot be neglected.

Distributions of the Nusselt number Nu on the stepped wall,
y=S D 0, downstream from the step are presented in Fig. 12 for
differentReynolds numbers. Lines of constant Nusselt numbers are
plotted in Fig. 12. The dotted line in each of Fig. 12 represents the
reattachment length. The maximum in the Nusselt number distribu-
tion occurs near the sidewall, and it is due to the jetlike � ow that
develops and impinges on that region of the wall. The maximum in
theNusseltnumberdistributionoccursslightlydownstreamfrom the
region where the reattachmentlength is minimum. The maximumin
that distribution moves downstream from the step and closer to the

Fig. 12 Nusselt number distributions on the stepped wall, y/S = 0.

Fig. 13 Friction coef� cient distributions on the stepped wall, y/S = 0.

sidewall as the Reynolds number increases.The maximum Nusselt
number increases from 1.49 at Reynolds number of 1 £ 102 to 2.84
at Reynolds number of 6 £ 102. Note that the wall temperature is
inversely proportional to the Nusselt number.

Distributions of the friction coef� cient C f on the stepped wall
downstream from the step, y=S D 0, are presented in Fig. 13 for
different Reynolds numbers. Lines of constant friction coef� cients
are plotted in Fig. 13. The dotted line on each of Fig. 13 represents
the reattachment length. The wall shear stress at reattachment is
not equal to zero due to the contribution of the spanwise velocity
gradient to its magnitude. The minimum value of the shear stress
occurs in a region close to the sidewall, and the location of that
minimummovesdownstreamfrom the stepandcloserto the sidewall
as theReynoldsnumber increases.The locationwhere themaximum
Nusselt number develops is downstream from the location where
the minimum wall shear stress develops as identi� ed in Fig. 13.
The results for Reynolds numbers of 4 £ 102 and 6 £ 102 show a
region where the shear stress has a maximum, and that region is near
the sidewall and downstream from the location where the Nusselt
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number is maximum.The results from two-dimensionalsimulations
of the Nusselt number and the friction coef� cient can be used as
reasonableestimates of the spanwiseaverageof the Nusselt number
and the frictioncoef� cient resultingfrom the three-dimensional� ow
simulations.Graphical representationsof these comparisonsare not
presented due to space limitations.

Conclusions
Three-dimensional laminar forced convection � ow adjacent to

backward-facing step in a duct was numerically simulated, and
the in� uence of the Reynolds number, in the range of 1 £ 102 ·
Re · 6 £ 102 , on the distributions of the Nusselt number, friction
coef� cient, reattachment length, and velocity distributions are re-
ported and discussed.A jetlike � ow developsin the separatingshear
layer adjacent to the sidewall, and its impingement on the stepped
wall is responsible for the peak that develops in the Nusselt number
and for the minimum that develops in the reattachment length. A
swirling � ow develops in the spanwise direction inside the primary
recirculation � ow region, and a reverse � ow region develops near
the sidewall. The location where the maximum Nusselt number de-
velops for a givenReynoldsnumber is slightlydownstreamfrom the
location where the minimum shear stress develops, and both are in
the region where the jetlike � ow impinges on the stepped wall. The
locationwhere the Nusselt number is maximum and the shear stress
is minimumfor a givenReynoldsnumbermoves fartherdownstream
and closer to the sidewall as the Reynolds number increases. The
reverse � ow region that develops near the sidewall extends signif-
icantly farther downstream from the step than the primary recircu-
lating � ow region. Reattachment length, Nusselt number, and shear
stress obtained using two-dimensional simulations can be used as
reasonable estimates for the spanwise average values obtained for
these parameters using three-dimensionalsimulations for the range
of Reynolds number examined in this study.
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